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Abstract

One of the most striking phenomena in quantum mechanics is the concept of superpo-
sition. The implications of an object being in an overlap of two states are tremendous.
Although superposition states have been studied in great detail for decades, very little
is known about the frontier between the classical and the quantum mechanical world.

Recently a novel field became focus of research. Quantum Optomechanics, the manipu-
lation of the center-of-mass motion of mechanical objects near the ground state, allows
for samples of increasing size to be placed into the quantum regime. The transition of
quantum mechanics and classical physics can be explored that way.

The key ingredient and limiting factor for quantum mechanical experiments is isolation.
After a brief description of an idealized optomechanical setup we will therefore show
a proposal [1, 2] to levitate nano-spheres inside a cavity using optical tweezers. To
further enhance isolation we will then discuss the idea to use magnetic levitation on
superconducting objects. This allows us to eliminate heating due to the tweezers and
thus considerably extend the quantum regime to even larger objects. With the arising
possibility to measure the object’s position we also consider applications in feedback-
cooling.
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1. Introduction to Quantum
Optomechanics

1.1. Historical Development

The field of quantum optomechanics was pioneered by James Clerk Maxwell almost
140 years ago. He proposed an effect he called radiation pressure, a light-induced force
on matter. A simple explanation can be given in the particle picture of light, where
photons colliding into an object cause a force due to their impulse. An equation for
the force is easily deductible, F = P

c . As the speed of light is large compared to beam
power P , the resulting force is small; it is however visible under certain circumstances
(e.g. tails of comets point away from the sun as already observed by Keppler). From
the 1970s the concept of radiation pressure has been used for the manipulation of small
objects. Particularly with monochromatic light from lasers it is nowadays possible to
trap atoms in harmonic potentials and cool them to very low temperatures.

Very recently there have been proposals taking this manipulation to the next level. With
carefully engineered setups it is possible to conduct experiments near the ground state
of center-of-mass motion of harmonic oscillators. Experiments with massive objects in
the ground state allow totally new insights on quantum mechanics, e.g. concerning the
frontier between classical and quantum physics. This field of optical manipulation of
mechanical quantum states is called Quantum Optomechanics [3].

1.2. The Optomechanical Setup

Most quantum optomechanical experiments consist of an optical cavity, a setup where
two mirrors in a certain distance face each other (similar to a Fabry-Pérot interferometer).
Light coupled into the cavity is reflected multiple times between the mirrors and forms
special modes inside the cavity. When the mirrors of a cavity are designed so that atten-
uation is very small, the system becomes very sensitive to small changes. For example
tiny fluctuations in the cavity length have a massive effect on the cavity mode. This
property makes cavities an interesting object of study for a wide range of experiments.
As an exemplary setup1 of a quantum optomechanical experiment we will now consider
a cavity of length L. One mirror can move in a harmonic potential as shown in Fig. 1.1.
The cavity is driven by a laser with frequency ωL, its resonance frequency is called ωc.

1Although we consider an idealized setup, similar experiments have been conducted with mirrors on
cantilevers.
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Figure 1.1.: A concentric cavity. One mirror of massm is moving in a harmonic potential
with angular frequency ωm. The equilibrium cavity length is called L, the
displacement of the mirror is x.

In this setup light reflected from the free mirror causes a radiation pressure force. This
force leads to a displacement of the mirror. However, as the length of the cavity changes,
the mode inside collapses, radiation pressure vanishes. The mirror in turn moves back
and the cycle starts from the beginning. Obviously a stimulated oscillation emerges in
this system [4, 5]. As an interesting feature radiation pressure follows the displacement
with a small delay. This lag originates from the time that photons inside the cavity
need to leak out (or be brought in, respectively), thus reducing (increasing) radiation
pressure. The time lag is approximately the ring-down time of the cavity κ−1. When
the setup is precisely engineered the lag can lead to a cooling (or amplification) of the
mirror movement [3, 6].

1.3. Classical Treatment

To describe the evolution of the system we will first apply a classical approach. Let x
be the displacement of the moving mirror with x = 0 its equilibrium position without
cavity field. We can then write the equation of motion of the mirror as a damped
harmonic oscillator

mẍ = −mω2
mx−mγẋ+ F (t) (1.1)

where γ is the intrinsic damping rate of the spring and F (t) donates the time dependent
radiation pressure force. We will model this force to anneal its proper value F(x)

exponentially with rate τ−1:

Ḟ (t) =
F(x(t))− F (t)

τ
(1.2)

As the displacement will usually be small, we can approximate F(x) linearly around
the the equilibrium position in presence of the cavity field x̄. Equation (1.2) then gives:

Ḟ (t) =
F(x̄) + F ′(x̄)x(t)− F (t)

τ
(1.3)

Let us now go to the Fourier space. We get

−ω2mx̃(ω) = −mω2
mx̃(ω)− iωmγx̃(ω) + F̃ (ω) (1.4)
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Figure 1.2.: Radiation pressure force vs. position of the mirror [9, p. 299]. If the oscil-
lation of the mirror is engineered carefully so that it moves up and down
the resonance slope, the force has a small time lag (the time that photons
need to leak out of the cavity). This time lag leads to a dampening of the
mirror movement.

and

iωτF̃ (ω) = F ′(x̄)x̃(ω)− F̃ (ω) (1.5)

which holds for ω 6= 0 as we dropped F(x̄)δ(ω), the Fourier transform of F(x̄). Together
this gives the full equation of motion in the Fourier space

−ω2mx̃(ω) = −mω2
mx̃(ω)− iωmγx̃(ω) +

F ′(x̄)x̃(ω)

1− iωτ
(1.6)

By comparison of the intrinsic damping and the imaginary part of the last term we get
the optomechanical damping rate for the frequency ωm

Γopt =
1

mωm

F ′(x̄)ωmτ

1 + (ωmτ)2
(1.7)

The derived value for optomechanical damping is not quantitatively correct. It is based
on a very simple ansatz (1.1) that does not include any quantum effects (or e.g. effects
from the cavity drive). However it is able to explain several important properties of the
setup. As can be seen from the formula, optomechanical damping Γopt can appear if x̄
is chosen so that F ′(x̄) > 0. This corresponds to a precise placement of the oscillator
on the resonance slope1 as shown in Fig. 1.2. If the setup is engineered accordingly very
low temperatures can be realized [7, 8].

1After entering the cavity from the left a beam of light will propagate to the right mirror and result
in an electric field E0 there. The ray will then be reflected with coefficient r from the right and
the the left mirror and arrive again with field E0r

2eiδ where δ = 4Lπλ−1 is the phase difference.
Repeating this procedure for all reflections, we obtain

E = E0

∑
r2neiδn

As |r2eiδ| < 1, we can apply the formula for a geometric series E = E0(1 − r2eiδ)−1. Radiation
pressure is proportional to intensity [9, p. 299]

I ∝ |E|2 =
∣∣∣E0(1− r2eiδ)−1

∣∣∣2 ∝ (1 + r4 − 2r2 cos δ)−1

A qualitative plot of the Lorentzian-like dependence of radiation pressure of the mirror displacement
is shown in Fig. 1.2. The distance between the resonances is λ/2.
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1.4. Quantum Mechanical Treatment

We previously derived the dynamics of the optomechanical setup in a classical approxi-
mation. However, as the mirror movement approaches the quantum mechanical ground
state this classical description becomes inadequate. To understand the system from
a quantum mechanical point of view, we first derive the Hamiltonian of the system,
following [10]. From the Hamiltonian we will want to infer the mean excitation number
of phonons in the mechanical oscillator.

We start by summing relevant terms for the total Hamiltonian:

Ĥtot = Ĥcavity + Ĥm + Ĥoutput + Ĥcavity-output (1.8)

where Ĥcavity = ωc(x̂)â†â is the cavity Hamiltonian, with â†â the number of cavity
photons, and Ĥm = ωmb̂

†b̂ is the Hamiltonian of the mechanical oscillator, with b̂†b̂ the
number of phonons. As usually we have set ~ = 1. Note that the cavity resonance
frequency ωc = ωc(x̂) depends on the position of the mechanical oscillator (i.e. the
moving mirror). For small x̂ we can approximate Ĥcavity linearly (cf. [11]):

Ĥcavity = ωc(x̂)â†â ≈ ωc(0)â†â+ ω′c(0)â†âx̂ ≡ ωcâ†â+ g0â
†â(b̂+ b̂†) (1.9)

where we have used x̂ = x0(b̂+ b̂†) and g0 ≡ ω′c(0)x0. Note that the correct Hamiltonian
of an oscillator including the vacuum state is Ĥ = ω(â†â+ 1

2), however the 1
2 term usually

only adds a constant phase which is discarded. Here we cannot drop the term g0
2 (b̂+ b̂†)

by this argument as it depends on the position x̂. However this term only corresponds
to a small shift of the mirror equilibrium position, which does not have implications on
the system and can therefore be neglected without consequences.

The Hamiltonian of the field outside the cavity is obtained by integrating the pho-
ton number over all possible frequencies Ĥoutput =

∫∞
0 ωâ†0(ω)â0(ω)dω where we have

defined â0 as the annihilation operator of a photon outside the cavity.

The last term, the coupling of cavity and the output modes, is given by

Ĥcavity-output = i
∫ ∞

0
γ(ω)(â†â0(ω)− â†0(ω)â)dω (1.10)

This can be understood as the transition of a drive photon into the cavity (â†â0(ω))
and the decay of a cavity photon (â†0(ω)â), weighted over their rates γ(ω).

We now have the total Hamiltonian as

Ĥtot = ωmb̂
†b̂+ ωcâ

†â+ g0â
†â(b̂+ b̂†) + i

∫ ∞
0

γ(ω)(â†â0(ω)− â†0(ω)â)dω

+

∫ ∞
0

ωâ†0(ω)â0(ω)dω (1.11)

In the following we will apply several transformations on our way to the Hamiltonian in
the interaction picture. First, we will move to a rotating frame. After that a displace-
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ment of the operators is made to simplify the Hamiltonian. The resulting equations can
then be interpreted physically.

We start by moving the cavity and the output field to a frame rotating with the laser
frequency ωL. The corresponding unitary is

U(t) = exp

[
−iωL

(
â†â+

∫ ∞
0

â†0(ω)â0(ω)dω
)
t

]
(1.12)

Unitarity and the fact that this unitary has the desired effect can easily be shown. Note
that

U̇ = −iωLU
(
â†â+

∫ ∞
0

â†0(ω)â0(ω)dω
)

(1.13)

The effect of the transformation on the Hamiltonian is given by H̃ = UĤU † − iU̇U †

(see appendix section A.1), adopted to our unitary we get, after extracting U from U̇ :

H̃ = U

[
Ĥ − ωL

(
â†â+

∫ ∞
0

â†0(ω)â0(ω)dω
)]

U † (1.14)

Let us first consider the term in the squared brackets. Inserting the Hamiltonian (1.11)
we get

ωmb̂
†b̂+ ∆â†â+ g0â

†â(b̂+ b̂†) + i
∫ ∞

0
γ(ω)(â†â0(ω)− â†0(ω)â)dω

+

∫ ∞
0

(ω − ωL)â†0(ω)â0(ω)dω (1.15)

where we have introduced laser detuning ∆ ≡ ωc(0) − ωL. We still have to apply the
unitary transformation which gives us the Hamiltonian in the rotating frame

H̃ = ωmb̂
†b̂+ ∆â†â+ g0â

†â(b̂+ b̂†) + i
∫ ∞
−ωL

γ(ω)(â†â0(ω)− â†0(ω)â)dω

+

∫ ∞
−ωL

ωâ†0(ω)â0(ω)dω (1.16)

where we redefined â0(ω) ≡ â0(ω + ωL) and γ(ω) ≡ γ(ω + ωL).

In the following we will switch to a representation where we extract the coherent part of
the states. This allows us to work in the Fock basis, on top of a coherent representation.
Coherent states are explained in detail in the appendix in chapter B.

Let us apply the unitary displacement D̂ of the cavity field, the mechanical field and
the output mode, defined by

D̂†âD̂ = â+ α

D̂†b̂D̂ = b̂+ β

D̂†â0(ω)D̂ = â0(ω) + αω(ω)

(1.17)
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where we introduced

αω(ω) =

{
Ω
γ(0)δ(ω) if ω = 0

αω else
(1.18)

Note that for â0(0) (which corresponds to the laser frequency in our rotating frame) we
apply a different transformation. We have introduced Ω = 2

√
Pκ/ωL where P is the

drive laser power and κ is again the decay rate of cavity photons.

With these transformations we get the Hamiltonian

Ĥ ′tot = ωmb̂
†b̂+ ωmβ

∗b̂+ ωmβb̂
† + ωm|β|2

+ ∆â†â+ ∆α∗â+ ∆αâ† + ∆|α|2

+ g0â
†â(b̂+ b̂†) + g0αâ

†(b̂+ b̂†) + g0α
∗â(b̂+ b̂†) + g0|α|2(b̂+ b̂†)

+ g0â
†â(β + β∗) + g0αâ

†(β + β∗) + g0α
∗â(β + β∗) + g0|α|2(β + β∗)

+ i
∫ ∞
−ωL

γ(ω)(â†â0(ω) + α∗â0(ω) + αω(ω)â† + αω(ω)α∗ −H.c.)dω

+

∫ ∞
−ωL

ω(â†0(ω)â0(ω) + α∗ω(ω)â0(ω) + αω(ω)â†0(ω) + |αω(ω)|2)dω

(1.19)

Any constant shift in the Hamiltonian has no physical implication, we will therefore
drop any terms not dependent of â, b̂ or â0(ω) or their conjugates. We define −

∫
dω as

the integral over ω excluding the point ω = 0. The Hamiltonian then becomes

Ĥ ′tot = ωmb̂
†b̂+ ωmβ

∗b̂+ ωmβb̂
† + ∆â†â+ ∆α∗â+ ∆αâ†

+ g0â
†â(b̂+ b̂†) + g0αâ

†(b̂+ b̂†) + g0α
∗â(b̂+ b̂†) + g0|α|2(b̂+ b̂†)

+ g0â
†â(β + β∗) + g0αâ

†(β + β∗) + g0α
∗â(β + β∗)

+ i
∫ ∞
−ωL

γ(ω)(â†â0(ω) + α∗â0(ω)−H.c.)dω

+ i −
∫ ∞
−ωL

γ(ω)(αωâ
† − α∗ωâ)dω + iΩâ† − iΩâ

+

∫ ∞
−ωL

ωâ†0(ω)â0(ω)dω +−
∫ ∞
−ωL

ω(α∗ωâ0(ω) + αωâ
†
0(ω))dω

(1.20)

Let us now choose α, β and αω so that terms in the Hamiltonian that have exactly one
annihilation or creation operator sum up to zero. This obviously corresponds to

∆α+ g0α(β + β∗) + i−
∫ ∞
−ωL

γ(ω)αωdω + iΩ = 0 for â† (1.21)

ωmβ + g0|α|2 = 0 for b̂† (1.22)

ωαω − iγ(ω)α = 0 for â†0 (1.23)

Note that we dropped the integrals in the last line.
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The solution of equations (1.22) and (1.23) can simply be written as

β = −g0|α|2
ωm

(1.24)

and

αω =
iγ(ω)α

ω
for ω 6= 0 (1.25)

As the optomechanical coupling g0 is small compared to the other terms in (1.21) we
can drop the term g0α(β + β∗) in our considerations. The solution for α then becomes

α =
Ω

i∆− i−
∫∞
−ωL

γ2(ω)
ω dω

=
Ω

i∆ + κ
(1.26)

We have used that γ2(ω) ≈ κ/π for a finite region around ω = 0:

−
∫ ∞
−ωL

γ2(ω)

ω
dω =

κ

π
−
∫ ∞
−ωL

dω
ω

=
κ

π
lim
ε→0

∫ ζ

−ζ

dω
ω + ε

=
κ

π
lim
ε→0

log

(
ζ + ε

−ζ + ε

)
= iκ (1.27)

for ωL > ζ > ε.

Let us now write the Hamiltonian without the linear terms:

Ĥ ′tot = ωmb̂
†b̂+ ∆â†â

+ g0â
†â(b̂+ b̂†) + g0αâ

†(b̂+ b̂†) + g0α
∗â(b̂+ b̂†) + g0â

†â(β + β∗)

+ i
∫ ∞
−ωL

γ(ω)(â†â0(ω)−H.c.)dω +

∫ ∞
−ωL

ωâ†0(ω)â0(ω)dω

(1.28)

writing α = |α|eiϕ and α∗ = |α|e−iϕ respectively we get

Ĥ ′tot = ωmb̂
†b̂+ ∆â†â

+ g0|α|eiϕâ†(b̂+ b̂†) + g0|α|e−iϕâ(b̂+ b̂†)

+ i
∫ ∞
−ωL

γ(ω)(â†â0(ω)−H.c.)dω +

∫ ∞
−ωL

ωâ†0(ω)â0(ω)dω

(1.29)

Note that we dropped the terms g0â
†â(b̂+ b̂†) and g0â

†â(β + β∗), as their contribution
is small compared to the terms with α.

We now define g ≡ g0|α| and redefine â ≡ e−iϕâ which gives us the full transformed
Hamiltonian:

Ĥ ′tot = ωmb̂
†b̂+ ∆â†â+ g(â+ â†)(b̂+ b̂†)

+ i
∫ ∞
−ωL

γ(ω)(â†â0(ω)e−iϕ −H.c.)dω +

∫ ∞
−ωL

ωâ†0(ω)â0(ω)dω
(1.30)

Note that as g0 has been replaced by g0|α| = g0
√
nphotons (see appendix B), i.e. the

coupling is enhanced by the square-root of the number of photons inside the cavity.
This allows us to achieve the strong coupling regime (g > κ) where the optomechanical
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coupling exceeds dissipation. Strong coupling between a mechanical oscillator and the
cavity field has been shown experimentally in [12].

As a last step we transform this Hamiltonian to the interaction picture. Let us therefore
write it as Ĥ ′tot = Ĥ0 + Ĥ1 where

Ĥ0 = ωmb̂
†b̂+ ∆â†â+

∫ ∞
−ωL

ωâ†0(ω)â0(ω)dω (1.31)

and

Ĥ1 = g(â+ â†)(b̂+ b̂†) + i
∫ ∞
−ωL

γ(ω)(â†â0(ω)e−iϕ −H.c.)dω (1.32)

The interesting part of the Hamiltonian in the interaction picture is

ĤI
tot = eiĤ0tĤ1e−iĤ0t (1.33)

This immediately gives the transformed total Hamiltonian in the interaction picture

ĤI
tot = g(âe−i∆t + â†ei∆t)(b̂e−iωmt + b̂†eiωmt) + i

∫ ∞
−ωL

γ(ω)(â†â0(ω)ei∆t−ωt−ϕ −H.c.)dω

(1.34)

Let us now expand the coupling for two concrete values of laser detuning:

∆ = −ωm ⇒ g
[
âb̂+ âb̂†ei2ωmt + â†b̂e−i2ωmt + â†b̂

]
(1.35)

∆ = ωm ⇒ g
[
âb̂e−i2ωmt + âb̂† + â†b̂+ â†b̂ei2ωmt

]
(1.36)

The terms containing e±i2ωmt rotate very fast. On the timescale of interest they average
to zero, we will therefore neglect those terms. This approximation is called Rotating-
Wave-Approximation and is valid for ωm � g. We obtain two Hamiltonians:

ĤI
∆=−ωm = g(âb̂+ â†b̂†) + i

∫ ∞
−ωL

γ(ω)(â†â0(ω)ei∆t−ωt−ϕ −H.c.)dω (1.37)

ĤI
∆=ωm = g(âb̂† + â†b̂) + i

∫ ∞
−ωL

γ(ω)(â†â0(ω)ei∆t−ωt−ϕ −H.c.)dω (1.38)

Hamiltonian (1.37) corresponds to a two-mode squeezed state interaction. We are how-
ever interested in the latter. This beam-splitter interaction corresponds to two processes:

• The annihilation of a cavity photon and a creation of a phonon on the mechanical
oscillator (âb̂†).

• The extraction of a phonon from the mechanical oscillator and the creation of a
cavity photon (â†b̂).

In terms of states we can write these processes as

|m〉p|n〉 → |m+ 1〉p|n− 1〉 and |m+ 1〉p|n− 1〉 → |m〉p|n〉 (1.39)
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Figure 1.3.: Level diagram of the system. A phonon on the mechanical oscillator is con-
verted into a cavity photon and back (continous line). Through dissipative
effects, the cavity photon may decay before it is absorbed by the oscillator,
leading to a cooling of the system state. The sqeezing process (dashed line)
is prohibited by energy requirement. |0〉c, |1〉c (instead of |m〉c, |m + 1〉c)
denote the Fock states of the cavity in the shifted representation.

where |m〉p is the photonic cavity state with m photons and |n〉 is the mechanical
oscillator state with n phonons. Obviously these two processes form a cycle (cf. Fig.
1.3). However, when the system is in the excited state |m+ 1〉p|n− 1〉 dissipation can
lead to a drop of the cavity state to |m〉p|n − 1〉 where the cycle starts again. Over
time this dissipation leads to a cooling of the mechanical state, similar to sideband
cooling used with ions. Note that other possible processes are prohibited by energy
requirements as posed by the laser drive.

From the Hamiltonian (1.38) we can derive an interesting quantity, the mean number of
phonons on the mechanical oscillator through optomechanical considerations n̄0

m. We
skip long calculations (see [13, 14] or [15]) and directly give the resulting formula

n̄0
m =

(
κ

4ωm

)2

(1.40)

This result however only includes effects due to our idealized setup. In reality we will
we have further couplings to consider (e.g. Brownian motion), we obtain

n̄m =

(
κ

4ωm

)2

+
Γ+

Γ−
(1.41)

where the Γ± donate the heating and cooling rates of other effects that contribute to
the resulting phonon number. Equation (1.41) shows that ground state cooling n̄m < 1

can be achieved in the resolved sideband regime ωm � κ and Γ− � Γ+.

We have derived the Hamiltonian of the typical optomechanical setup, seen that passive
cooling is possible through dissipation and given the mean excitation number of the
mechanical oscillator. Let us now look into physical implementations.



2. Laser Levitated Optomechanics

After the theoretical description of the idealized quantum optomechanical experiment
in the previous section we will now focus on a physical implementation as proposed in
[1, 2]. Let us however first recall crucial requirements to the setup: The cavity should
be of good quality, i.e. photon decay rate κ is small. Additionally, mechanical trapping
ωm has to be strong and mechanical dissipation γm small. The latter is particularly
obvious, as mechanical dissipation is equal to thermal contact, resulting in a heating
of the oscillator state. In several setups with cantilevers, microscopic mirrors (see e.g.
[4, 16]) which are all connected physically to the environment, this coupling has been a
major source of decoherence.

In our setup we will minimize coupling to the environment by levitating the mechanical
oscillator, a dielectric sphere in the sub-micrometer range, in the free vacuum. This
is achieved by trapping the mechanical oscillator in a harmonic potential using optical
tweezers. The setup is shown in Fig. 2.1. In the following we will focus on the coupling of
the dielectric sphere to the laser field. We start by deriving the interaction Hamiltonian,
then show that trapping with optical tweezers is possible. After that we will derive the
optomechanical coupling and analyze sources of decoherence in this setup. A protocol for
the subsequent creation of a superposition state |ψ〉 = 1√

2
(|0〉 ± |1〉) from the displaced

ground state is described in appendix D. Our discussion follows [10].

x
ωm

Figure 2.1.: The setup from [1]. A dielectric nano-sphere is trapped by optical tweezers
(red) inside a cavity. Its center of mass motion operates as mechanical
oscillator and can be cooled to the ground state similar to the moving
mirror. Note that both mirrors are fixed in this setup.
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2.1. Light-Sphere Interaction Hamiltonian

Let us start our discussion of this setup by deriving a Hamiltonian to describe the
macroscopic interaction of the dielectric sphere and light. The Hamiltonian for an
ensemble of atoms in an electric field is given by

ĤLM = ĤA + Ĥrad + Ĥint (2.1)

=
∑
i

1

2
ν0σz,i +

∫
d3kωkâ

†(k)â(k)−
∑
i

diEi (2.2)

The first term is the atomic energy of a two-level system with energy difference ν0

between ground and excited state, σz,i is the Pauli matrix. The second term is the
energy of a free electric field, where â†(k) is the creation operator of a photon with
frequency ωk and wave vector k. The last term is the interaction of the atomic dipole
moment di = P(σ+,i + σ−,i) and the electric field

Ei = E(xi) =
i

(2π)3/2

∫
d3k

√
ωk

2ε0
(e−ikxi â(k)−H.c.) (2.3)

When we go to the continuous limit we replace the transition operators σ±,i by σ±(x) ≡
limV→0 σ±,i/V . To prevent double-counting of the particle-particle interactions we add
the factor 1

2 to the interaction term:

ĤLM =

∫
d3x

1

2
ν0σz(x) +

∫
d3kωkâ

†(k)â(k)− 1

2

∫
d3xP(σ+(x) + σ−(x))E(x) (2.4)

Let us now derive the equation of motion of the σ±. Using Heisenberg’s equation we
get

d
dt
σ+(x) = −i[σ+(x), ĤLM] (2.5)

= −i1
2
ν0[σ+(x), σz(x)] +

iP
2
E(x)[σ+(x), σ+(x) + σ−(x)] (2.6)

= iν0σ+(x)− i
2P
V
E(x) (2.7)

where we assumed all atoms to be in the ground state σz = −1/V where V is the
volume of the sphere.

Next we transform σ+ to the rotating frame σ̃+(x) = eiωLtσ+(x). When writing E(x) =

Ẽ(+)(x)e−iωLt + Ẽ(−)(x)eiωLt the equation of motion (2.7) becomes

d
dt
σ̃+(x) = iωLσ̃+(x) + eiωLt

d
dt
σ+(x) (2.8)

= i(ωL − ν0)σ̃+(x)− i2P
V

(Ẽ(+)(x)e−iωLt + Ẽ(−)(x)eiωLt)eiωLt (2.9)
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Performing a rotating wave approximation we get

d
dt
σ̃±(x) ≈ i∆σ̃+(x)− i2P

V
Ẽ(±)(x) (2.10)

where ∆ = ωL − ν0.

We now perform an adiabatic elimination, i.e. we set the slowly-varying terms to zero,
dσ̃±(x)/dt ≈ 0. When we drop the same phases we get

σ±(x) =
2P
V∆

E(±)(x) (2.11)

With that we can write the polarization as

P = P(σ+(x) + σ−(x)) =
2P2

V∆
E(x) (2.12)

Let us compare this result to the macroscopic equation for the polarization (i.e. the
Clausius-Mosotti-Relation)

Macroscopic: P = 3ε0
εr − 1

εr + 2
E (2.13)

Microscopic: P =
2P2

V∆
E (2.14)

Obviously we have

2P2

V∆
= 3ε0

εr − 1

εr + 2
(2.15)

We can therefore write the interaction part of Hamiltonian (2.4) as

Ĥint = −εc
2

∫
V (r)

d3x|E(x)|2 (2.16)

where we defined εc ≡ 3ε0(εr − 1)/(εr + 2) and again, we have assumed all atoms to
be in the ground state so that the term

∫
d3x1

2ν0σz(x) only adds a constant energy
shift. Note that the integral has to be evaluated over the volume of the object V (r),
depending on its center-of-mass position r.

2.2. Optical Trapping

We will now apply the derived sphere-field interaction Hamiltonian to show that trap-
ping a sphere with optical tweezers is possible [17–21]. We assume a Gaussian beam in
direction y (cf. Fig. 2.1)

|E(y, r)| = E0
W0

W (y)
exp

(
− r2

W (y)2

)
(2.17)
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Here W0 is the beam waist and W (y) = W0

√
1 + (yλ/(πW 2

0 ))2 its width. Developing
|E(x, y, z)|2 in second order around y = r = 0 we get

|E(y, r)|2 ≈ E2
0 −

E2
0y

2λ2

π2W 2
0

+ r2

(
−2E2

0

W 2
0

+
4E2

0y
2λ2

π2W 4
0

)
(2.18)

We insert this into Hamiltonian (2.16) and drop constant terms:

ĤLM = −εc
2

∫
V (r)

d3x|E(x)|2 (2.19)

≈ −εc
2
V |E(x)|2 (2.20)

= −εc
2
V E2

0

[
r2

(
4y2λ2

π2W 4
0

− 2

W 2
0

)
− y2λ2

π2W 2
0

]
(2.21)

As y is very small compared to waist size, we get the harmonic trapping

ĤLM ≈ εcV E2
0r

2 1

W 2
0

≡ 1

2
Mω2

mr
2 (2.22)

Replacing E2
0 ≈ 2I/(cε0) where I is the beam intensity and inserting εc we obtain the

trapping frequency perpendicular to y:

ω2
m =

12I

%cε0W 2
0

(
εr − 1

εr + 2

)
(2.23)

Typically this trapping frequency is of the order of several MHz.

2.3. Optomechanical Coupling

We have shown that optical tweezers are able to trap a dielectric object harmonically.
In the following we will focus in the coupling between the sphere and the cavity field.
Coupling to the output-field as a source of decoherence will be discussed in section 2.4.

Recall the coupling Hamiltonian (1.9)

Ĥ =

∫
d3kωkâ

†â+ g0â
†â(b̂+ b̂†) (2.24)

We will now calculate the coupling strength g0 for the proposed setup. We assume the
sphere to be placed at a knot (i.e. a point of maximum slope) of the standing wave
inside the cavity. For small displacements we can approximate the TEM00 mode cavity
field by

|E(r)|2 ≈ ωc
ε0πW 2

0L

(
1− 2r2

W 2
0

)
cos2

(ωcx
c

)
â†â (2.25)
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Again, W0 =
√
λL/(2π) is the field’s waist size, λ is the laser wavelength and L is the

cavity length. Plugging this into the light matter Hamiltonian (2.16) we get

Ĥcoupling = −ωcâ†â
3V (εr − 1)[W 2

0 − 2r2] cos2
(
ωcx
c − π

4

)
(εr + 2)πW 4

0L
(2.26)

where the phase shift of π/4 comes from placing the sphere at a knot. Setting z = 0

and developing in first order around x = 0 we get

Ĥcoupling ≈ −â†â
3V (εr − 1)ω2

c x̂

(εr + 2)cπW 2
0L

(2.27)

During the development cos2(x+ π/4) ≈ 1/2 + x we dropped the term 1/2. This term
does not contribute to the coupling, however it gives the contribution of the sphere to
the resonance frequency of the cavity.

Let us now quantize x̂ = x0(b̂+ b̂†), we get

Ĥcoupling = −â†â(b̂+ b̂†)x0
3V (εr − 1)ωc

(εr + 2)cπW 2
0L

(2.28)

By comparing this to (1.9) we get

g0 = −x0
3ωc(εr − 1)V

(εr + 2)cLπW 2
0

(2.29)

When we plug in numbers into this equation we get a coupling of g0 ≈ 10Hz, which is
much smaller than κ. Recall however, that the effective coupling g = g0|α| = g0

√
nphoton

is much larger, as the number of photons in the cavity is of the order of 1010. We get
an optomechanical coupling in the MHz range within the regime g > κ.

2.4. Sources of Decoherence

2.4.1. Scattering of Air Molecules

In this section we will derive the heating rate due to collisions with air particles [1, 22].
We assume the air molecules to be of mass m and mean velocity v̄. The pressure inside
the vacuum chamber is P , the temperature is T , the density is %. We start with the
equation of motion for the sphere

ẍ+ 2γẋ+ ω2
mx = ξ(t) (2.30)

Here ξ(t) is the stochastic force of the air molecules. We assume white noise 〈ξ(t)ξ(t′)〉 =

2M2Dδ(t − t′) where we have introduced the diffusion constant D = 2kBTγ/M . We
will first derive a value for γ from kinetic gas theory.

Let v be the sphere’s velocity. We move to the reference frame in that the sphere is
stationary. In this frame, a third (one dimension) of the particles is relevant, those
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collide into the sphere with velocity v̄− v from behind and with velocity v̄+ v from the
front. We get the change of momentum as

dp
dt

= (v̄ − v)2πR2 %

3m
2m− (v̄ + v)2πR2 %

3m
2m (2.31)

= −4πR2%v̄

3M
2Mv ≡ −γ2Mv (2.32)

With % = 3P/v̄2 we get

γ =
4πR2P

Mv̄
(2.33)

Solving the stochastic differential equation (2.30) requires some calculations which we
omit here. We can derive the variance of the position

Var(x) = 〈x2(t)〉 ≈ D

2γω2
m

(1− e−2γt) (2.34)

Using the equipartition theorem we can compute the increase of energy in time as
∆E(t) = Mω2

m Var(x). We define the time t∗ as ∆E(t∗) = ωm, i.e. as the time that is
needed for one quantum of energy to be absorbed by the mechanical oscillator. We get

t∗ = − 1

2γ
log

(
1− ωm

kBT

)
≈ ωm
kBT2γ

(2.35)

As Γair = 1/t∗ we have

Γair =
2γkBT

ωm
=

8πR2PkBT

Mωm
√

3kBT/m
(2.36)

where we replaced v̄ =
√

3kBT/m with m ≈ 28.6u.

With this equation we get feasible values at room temperature of approximately P ≈
10−6torr and γ ≈ 1mHz. The quality factor Q = ωm/γ is of the order of 109.

2.4.2. Scattering of Photons

Besides the noise from air molecules we also have to consider decoherence due to the
lasers. Both, tweezer and cavity photons are scattered on the sphere. However, as the
sphere is very small, the scattering events corresponds to a stochastical process. We
can analyze this with a Markovian approach. Without derivation we give the heating
rates:

Γtweezers = 3
P

ωLπW 2
0

(
εr − 1

εr + 2

)2

V
k6
cc

2π%ωm
(2.37)
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and

Γcavity = 3|α|2
(
εr − 1

εr + 2

)2

V
k6
cc

2πVc%ωm
cos2 ωcx

c
(2.38)

where kc is the wave vector of the photons, P is the tweezers’ intensity and Vc = πW 2
0L

is the cavity volume.

Additionally to the scattering of photons, the perturbation of the cavity field also leads
to a decrease of the cavity’s quality, i.e. the photon decay rate κ is increased. This
limits the sphere size to several hundred nanometers for a typical cavity setup.



3. Magnetic Trapping

As shown in section 2.4 the primary sources of decoherence of our setup are Brownian
motion of air molecules in the vacuum, scattering of cavity photons and heating from
the tweezers. Especially the latter two drastically limit the size of the object. In the
following we will discuss possibilities to replace the tweezers by magnetic alternatives.
We will consider ferromagnetic trapping first in section 3.1, superconducting objects in
section 3.2. As the results of those sections are not limited to the described setup we
will consider the possibility to measure the object’s position inductively and use this
information for feedback cooling in section 3.3.

3.1. Ferromagnetic Trapping

Magnetic trapping of neutral particles has been a field of research for several years.
Proposals for the trapping of neutral atoms have been made [23–25] and experimentally
achieved [17, 19, 26, 27]. We will first lay out the basics of trapping neutral atoms and
small objects with magnetic traps.

The potential energy of a particle with permanent magnetic moment ~µ in a magnetic
field with strength ~B is U = −~µ · ~B. For elementary particles (like the neutron) there
exist only two possible directions of spin and therefore only two possible directions
of the magnetic moment relative to B. In the parallel alignment the particles tend
to go into the direction of higher fields whereas they are repelled in the antiparallel
case. Particles that are drawn to high fields are called high-field seeker, particles that
go towards minima are called low-field seeker. As it is not possible to create a local
maximum of a static magnetic field (see appendix A.2 for a proof) only low-field seekers
may be trapped in a static magnetic field. However, low-field seeking particles are
subject to spin-flip processes as their energy in the field is higher than that of high-field
seeker. In addition, macroscopic objects do not show quantization of their magnetic
moment and are therefore high-field seeking.

We have seen that it is impossible to trap neutral object with static fields. An idea
would be to use dynamic fields rotating in a way that their average over time forms
a local maximum. As shown in [24] this is possible, however the particle’s motion
inside a dynamic trap consists of two parts: a slow guiding center motion and a very
fast oscillating part. Unless the latter can be prohibited in some way, ferromagnetic
trapping with dynamic fields is no alternative. Another downside of dynamic fields
oscillating with frequencies well over 106Hz is that they induce high currents in other
parts of the setup, disturbing measurements and creating noise.
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3.2. Trapping of Superconductors

Let us now evaluate the possibility to trap a diamagnet in a static magnetic field. Free
diamagnets in a static magnetic field behave as low-field seekers. Their magnetization
is linear with the external magnetic field M = χH, however the magnetic susceptibility
is χ < 0. As M = µ/V and H = B/µ0 we have the potential

U = −µB = −MVB = −χHV B = −χV
µ0

B2 (3.1)

Assuming a linear magnetic field B(x) = αx we get the harmonic potential

U = −χV α
2

µ0
x2 ≡ mω2

m

2
x2 (3.2)

By replacing m/V ≡ % we obtain the trap frequency

ωm = α

√
2
|χ|
µ0%

(3.3)

If we insert values of typical diamagnets, χ ≈ −10−5 and % ≈ 1g/cm3 we get the
estimation ω[Hz] ≈ 0.1 ·α[T/m]. We would need gradients of about 107T/m (109G/cm)
which will not be feasible for static magnetic fields in the near future. However, using
a superconductor (χ = −1) gives a huge advantage. We get as an estimation ω[Hz] ≈
40 · α[T/m], which gives ω = 106Hz for α ≈ 25T/mm or α = 2.5 · 106G/cm. This is
in the upper bound of the feasible range for experimental implementation [28, 29]. A
possible method for the generation of field minima with high gradients is sketched in
appendix C.

Using a superconductor brings along some other implications. Most importantly it
has to be cooled first and should not be heated over the critical temperature during
the experiment. However both requirements are not difficult to fulfill, as mechanical
coupling is reduced to a minimum anyway and the magnetic trap will be cooled to
a superconducting state itself. Especially for high-temperature superconductors like
HgBa2Ca2Cu3Ox with a critical temperature of TC = 133K [30] cooling should be
feasible.

3.3. Position Measurement and Feedback Cooling

An important feature of superconductors is that they behave as perfect diamagnets (χ =

−1). This allowed us to increase the trapping frequency by several orders of magnitude
compared to other diamagnets as discussed in section 3.2. A perfect diamagnet expels
any magnetic field from its inside; the field in the superconductor is approximately zero1

(cf. Fig. 3.1). Obviously this leads to a higher field in the vicinity of the superconducting
sphere. We assume that the magnetic field outside of the superconductor decays as 1/x3,

1The magnetic field inside a superconductor decays with 1/r2 as given by the London-Equation.
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Bbias

B

R x

Figure 3.1.: Left: Magnetic field lines are expelled from the superconductor. Right:
The estimation used for the magnetic field. After radius R the decay 1/x3

is chosen so that the two gray areas are of the same size. The dashed line
represents the field in the absence of an object.

normalized so that the following condition is fulfilled (cf. Fig. 3.1):

RBbias =

∫ ∞
R

(B(x)−Bbias)dx (3.4)

This approximation is based on the idea that
∫
BdV stays the same with or without

an object in the field, justified by ∇ ·B = 0.

With B(x) = Bbias + a/x3 we get

B(x) = Bbias

(
1 + 2

R3

x3

)
(3.5)

Let us now estimate the change of B at a fixed position in distance R from the sphere
surface when the sphere moves by a tiny amount, the ground state size x0. We have

∆B = B(2R)−B(2R+ x0) = 2BbiasR
3

[
1

8R3
−
(

2ωmM

~

)3/2
]

(3.6)

For R = 1µm, % = 1g/cm3 and Bbias = 1T we get ∆B ≈ 0.1µT. This lies well in
the possible range for a measurement with SQUIDs [31–33], even with a strong bias
field [34]. Therefore it should be possible to measure the position of the sphere inside a
magnetic trap with a SQUID.

Most interestingly, information about the position of an object in a trap allows much
simpler types of cooling. Feedback cooling should be applicable for the given regime.
Additionally all photonic sources of decoherence are eliminated, which allows for much
larger spheres. Decoherence due to the magnetic trapping and position measurement
will be discussed elsewhere.



4. Outlook

We have shown the basics of backaction cooling on an exemplary setup with a cavity
and a cantilever. To address the problem of thermal contact, we analyzed levitated
mechanical oscillators trapped by optical tweezers. We derived the interaction of a
levitated sphere, the tweezers and the cavity field and discussed sources of decoherence.

Ground state cooling in this scheme is possible, however photonic decoherence from the
lasers limits the object size to several hundred nanometers. To eliminate this drawback
we have analyzed the possibility to use ferromagnetic or superconducting objects, levi-
tated by magnetic fields. Magnetic trapping of superconductors could replace lasers in
future experiments, decreasing decoherence by several orders of magnitude.

In addition to magnetic levitation, we proposed a way of inductively measuring the
position of the oscillator. Although a thorougher analysis of this system has to be
performed, our results suggest experimental feasibility of feedback cooling for spheres
larger than several microns.

Besides being of interest for quantum information theory, all proposed setups allow
a unique insight into the very basics of quantum mechanics. The frontier between
classical mechanics and the quantum regime can be examined; macroscopic objects
can be brought into a quantum superposition state. It may even be possible to place
small living organisms like viruses or other objects inside a hollow sphere and perform
quantum mechanical experiments with them. Schrödinger’s cat could soon prove to be
more than a theoretical paradigm after all.



A. Lemmata

A.1. Unitary transformations on the Hamiltonian

In this section we will show how to write the Hamiltonian of a system transformed by a
unitary U of the form U = exp(−iA) with A = A†. We start with the density matrix of
the new frame %̃ = U%U †. As an effect of this transformation the Heisenberg equation
%̇ = i[Ĥ, %] becomes:

˙̃% = U̇%U † + U%̇U † + U%U̇ †

= U̇U †U%U † + iU [H, %]U † + U%U †UU̇ †

= U̇U †%̃+ iUH%U † − iU%HU † + %̃UU̇ †

= U̇U †%̃+ iUHU †U%U † − iU%U †UHU † − %̃U̇U†
= U̇U †%̃+ iUHU †%̃− i%̃UHU † − %̃U̇U †

= [U̇U † + iUHU †, %̃]

= i[UHU † − iU̇U †, %̃]

≡ i[H̃, %̃]

where we have used UU̇ † = −U̇U †, which is obvious as U may be written as U =

exp(−iŨ). We see that the transformed Hamiltonian is H̃ = UHU † − iU̇U †.

A.2. Nonexistence of local field maxima

In this section we will prove a theorem on local field maxima [23, 35]. Let us state the
theorem as

Theorem. In a region without charges and currents, neither a static electric nor static
magnetic field may have local maxima1.

Proof. Let E be either an electric or a magnetic field. W.l.o.g. let a local maximum |E|
be at the origin. Then for any point r the electric field can be written as

E(r) = E(0) + δE (A.1)

and

E2(r) = E2(0) + 2E(0) · δE + (δE)2 (A.2)

1Remark: The same holds for a gravitational field.
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Obviously on the right side of (A.2) the first and the last term are positive. As E(0) is
a local maximum we require E(0)δE < 0 for arbitrary r near 0. Let us now take the ẑ
axis along E(0), we get E(0) · δE = Ez(0)δEz. As Ez(0) > 0 we have

δEz(r) < 0 for arbitrary r near 0 (A.3)

We will now show that this condition is in conflict with electrodynamics.

Using Gauss’ theorem combined with Maxwell’s law ∇ · E = 0 (in absence of charges
or currents, ρ = 0 and j = 0) on a sphere centered around 0 we get∫

V
∇δEdV = 0 =

∫
∂V
δE · dA (A.4)

We see that this is in conflict to (A.3), as δEz < 0 somewhere necessarily leads to
δEz > 0 at another point. Clearly our assumption of a local maximum is falsified.



B. Coherent states

In this chapter we will give a short introduction to the concept of coherent states (cf.
[36, pp. 12-15], [37]). In contrast to Fock states |n〉 which are suitable to express high
energy photons where the photon number is small, coherent states are convenient to use
to express e.g. laser fields. They are the quantum states nearest to classical physics, as
the uncertainty between phase and photon number is minimal for coherent states.

Coherent states are usually generated by the unitary displacement operator

D(α) = exp(αâ† − α∗â) (B.1)

We can also write this operator using

eA+B = eAeBe−[A,B]/2 (B.2)

if [A, [A,B]] = [B, [A,B]] = 0. Applying this theorem to (B.1) we get

D(α) = e−|α|
2/2eαâ

†
e−α

∗â (B.3)

as −[αâ†,−α∗â]/2 = |α|2/2[â†, â] = −|α|2/2.
In this form several properties of the displacement operator are visible:

• D†(α) = D−1(α) = D(−α) which is obvious by applying the operator theorem
(as [α∗â− αâ†, αâ† − α∗â] = 0).

• D†(α)âD(α) = â + α, similar to the translation operator on a state ket [38, pp.
44ff.].

• D†(α)â†D(α) = â† + α∗

• D(α+ β) = D(α)D(β) exp(−i=(αβ∗))

We now define the coherent state |α〉 as the result of the displacement operator acting
on the vacuum state

|α〉 = D(α)|0〉 (B.4)

Coherent states are eigenstates of the annihilation operator:

â|α〉 = D(α)D†(α)â|α〉 = D(α)D†(α)âD(α)|0〉 = D(α)(â+ α)|0〉 = D(α)α|0〉 = α|α〉
(B.5)
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An important property of coherent states is that they contain an indefinite number of
photons. To derive the distribution we expand a coherent state in the Fock state basis
by multiplying the eigenvalue equation (B.5) with 〈n| on both sides:

α〈n|α〉 = 〈n|â|α〉 =
√
n+ 1〈n+ 1|α〉 (B.6)

From this recursion relation it follows that

〈n|α〉 =
αn√
n!
〈0|α〉 (B.7)

We can therefore write

|α〉 =
∑
n

|n〉〈n|α〉 = 〈0|α〉
∑
n

αn√
n!
|n〉 (B.8)

The length of |α〉 follows as

|〈α|α〉|2 = |〈0|α〉|2
∑
n

|α|2n
n!

= |〈0|α〉|2e|α|2 (B.9)

Furthermore

〈0|α〉 = 〈0|D(α)|0〉 = e−|α|
2/2〈0|eαâ†e−α∗â|0〉 = e−|α|

2/2 (B.10)

Combining (B.9) and (B.10) shows that |〈α|α〉|2 = 1, i.e. coherent states are normalized.
Additionally we can write the coherent state as

|α〉 = e−|α|
2/2
∑
n

αn√
n!
|n〉 (B.11)

The probability distribution of the number of photons is given by

P (n) = |〈n|α〉|2 =
|α|2e−|α|2

n!
(B.12)

Note that this is a Poisson distribution, we can deduce the mean number of photons

n̄ = 〈α|â†â|α〉 = |α|2 (B.13)

In the following we will prove the completeness of the set of coherent states. Consider
therefor the scalar product of two coherent states

〈β|α〉 = 〈0|D†(β)D(α)|0〉 (B.14)

Using the operator theorem (B.3) we obtain

〈β|α〉 = exp

[
−1

2
(|α|2 + |β|2) + αβ∗

]
(B.15)
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or

|〈β|α〉|2 = e−|α−β|
2

(B.16)

We see that two states |α〉 and |β〉 are not orthogonal, but approach orthogonality for
|α− β| � 1. Despite that we can prove completeness1

1

π

∫
|α〉〈α|d2α = 1 (B.17)

Expanding using (B.11) gives:

1

π

∫
|α〉〈α|d2α =

∑
n

∑
m

|n〉〈m|
π
√
n!m!

∫
e−|α|

2
(α∗)mαnd2α (B.18)

We change to polar coordinates α = reiθ and separate the integrals:

1

π

∫
|α〉〈α|d2α =

∑
n

∑
m

|n〉〈m|
π
√
n!m!

∫ ∞
0

drre−r
2
rn+m

∫ 2π

0
dθei(n−m)θ (B.19)

With ∫ 2π

0
dθei(n−m)θ = 2πδnm (B.20)

we get

1

π

∫
|α〉〈α|d2α =

∑
n

|n〉〈n|
n!

∫ ∞
0

dr2re−r
2
r2n (B.21)

Substituting ε = r2 gives

1

π

∫
|α〉〈α|d2α =

∑
n

|n〉〈n|
n!

∫ ∞
0

dεe−εεn (B.22)

As the integral equals n! we obtain from the completeness of the Fock states

1

π

∫
|α〉〈α|d2α =

∑
n

|n〉〈n| = 1 (B.23)

Coherent states thus form a complete basis.

Especially in laser physics, coherent states have physical significance. For example a
highly stabilized laser has a field in a coherent state, other radiation fields may often
easily be represented in the basis of coherent states.

1Coherent states are actually over-complete, however we will not prove this here.



C. Magnetic Trap Setup

In this chapter we will outline the ideas behind a magnetic trap setup [39]. For simplicity
we will restrict our discussion to two dimensions, we actually discuss a linear quadrupole
waveguide. However a 3d-trap can easily be found by similar considerations. Recall from
section 3.2 that we need a linear magnetic field to get a harmonic potential.

Consider an infinite, straight conducting wire with current I placed in a perpendicular
bias field B0 (see Fig. C.1). The resulting field is

B =

(
B0

0

)
+

Iµ0

2π(x2 + y2)

(
−y
x

)
(C.1)

Note that this field vanished for

x = 0 and y =
Iµ0

2πB0
≡ r0 (C.2)

In a polar coordinate system with center at this position the field is

|B(r, ϕ)| = Iµ0

2πr0

r√
r2 + r2

0 + 2rr0 cosϕ
(C.3)

Note that this field is linear near the trap center. The gradient of this trap is given by

∂rB|B(r)| = µ0

2π

I

r2
0

(C.4)

With this setup the required gradients are difficult to achieve, however it provides an
insight into trap design.

Figure C.1.: A linear quadrupole waveguide. A conducting wire is placed in a bias field
which creates a minimum of the magnetic field.



D. Superposition State Generation

In the following we are going to describe a protocol from [1, 10] for the generation of
superposition states, once the mechanical oscillator has been cooled to the ground state.
Our goal is to create the states

|ψ〉 =
1√
2

(|0〉 ± |1〉) (D.1)

The protocol consists of several steps:

1. Cool the mechanical oscillator to the ground state as described previously. Leave
the detuning on when the ground state is reached.

2. Send a photon of frequency ωc into the cavity.

3. The photon will enter the cavity with probability 1
2 , otherwise be reflected. We

therefore create a quantum state

|ψ〉 =
1√
2

(|photon inside〉+ |photon reflected〉) (D.2)

4. The part of the photon that entered the cavity is subjected to the beam splitter
interaction (1.38), Ĥ = g(âb̂† + â†b̂) which leads to a time development of the
state

|ψ〉inside(t) = e−iĤt|1〉c|0〉m (D.3)

where |1〉c denotes the state of the additional photon inside the cavity and |0〉m
the ground state of the mechanical oscillator.

5. We wait until this interaction has exactly swapped the states, resulting in

|ψ〉inside(t
∗) = |0〉c|1〉m (D.4)

6. Switch of the laser drive. The coupling g collapses, the mechanical oscillator
photon cannot decay. We have the total state

|ψ〉 =
1√
2

(|1〉p|0〉m + eiφ|0〉p|1〉m) (D.5)

where the first part comes from the part of the photon that did not enter the
cavity and the second part with fixed phase φ comes from the optomechanical
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Pulsed
Laser

Doubler PDC

Data
Aquisition

Trigger

Homodyne Measurement

Figure D.1.: A possible setup to create the state (D.1). A photon from the pulsed laser
is sent into the cavity. Part of the photon is reflected into the homodyne
detector, the other part continues and couples to the mechanical oscillator
state. With the measurement of the outside part the mechanical state
collapses to the desired superposition.

interaction. Note that this corresponds to an entanglement of the photon outside
the cavity (subscript p) and the mechanical oscillator.

7. Perform a balanced homodyne measurement of the reflected photon part in the
basis |0〉 ± |1〉. This collapses the mechanical oscillator state to

|ψ〉m =
1√
2

(|0〉 ± |1〉) (D.6)

An experimental implementation of this protocol is shown in Fig. D.1.

The described protocol still has several flaws, especially the homodyne measurement is
difficult to implement. Possible extensions in the future will work with time varying
coupling parameters. The photon will be transmitted fully into the cavity and will
couple to the mechanical oscillator, producing state (D.1) without any measurement.
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